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Duality of singular paths for (2, 3, 5)-distributions
G. Ishikawa∗, Y. Kitagawa and W. Yukuno
Abstract
We show a duality which arises from distributions of Cartan type, having
growth (2, 3, 5), from the view point of geometric control theory. In fact we
consider the space of singular (or abnormal) paths on a given five dimensional
space endowed with a Cartan distribution, which form another five dimensional
space with a cone structure. We regard the cone structure as a control system and
show that the space of singular paths of the cone structure is naturally identified
with the original space. Moreover we observe an asymmetry on this duality in
terms of singular paths.
1 Introduction.
In this paper we show a duality which is related to rank two distributions of five variables:
Let D ⊂ TY be a subbundle of the tangent bundle of a five dimensional manifold Y
with growth (2, 3, 5) (see §2). It is known that for any point y of Y and for any direction
of Dy, there exists uniquely a singular D-path (or an immersed abnormal extremal)
through y with the given direction (see Proposition 4.1). Then the immersive singular
D-paths form another five dimensional manifold X . In fact, the construction of the
space X was mentioned in the lecture note [4] shortly. Moreover we remark that X
is endowed with a natural cone structure induced from the prolongation E of D on a
six dimensional manifold Z and a projection Z → X . In this paper, we regard the
cone structure C ⊂ TX as a control system C : E → TX → X on X defined by the
differential map E →֒ TZ → TX of the projection Z → X and consider the space of
singular C-paths. Then we show that the original space Y is identified with the space of
singular C-paths on X , at least locally, while X is identified with the space of singular
D-paths (Theorem 4.8). In fact, a singular C-path on X consists of singular D-paths on
Y which pass through a fixed point of Y .
We recall the basic definitions and terminologies needed in this paper in §2, and
introduce a fundamental lemma for treating singular paths of cone structures in §3. In
§4, we show our basic constructions and the main duality result mentioned above.
The abnormal extremals of a distribution D with growth (2, 3, 5) with G2-symmetry
was calculated in [9]. On the other hand, from the view point of twistor theory, the
∗This work was supported by KAKENHI No.22340030 and No.23654058.
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double fibration Y ← Z → X with G2-symmetry and the canonical geometric structures
E ⊂ TZ,D ⊂ TY and C ⊂ TX have been explicitly constructed in [8]. Then we can
determine singular paths, using the explicit representation, by direct calculations in G2-
case. In §5, we recall the explicit representations of the control systems E : E →֒ TZ →
Z, D : D →֒ TY → Y and C : E → TX → X , and show partly the explicit calculations
on their singular paths.
Distributions with growth (2, 3, 5) was studied by Cartan in [6]. In fact they are
called systems of Cartan type in [5]. They are studied in detail from various viewpoints
by many authors (see for instance [5][14][15]), and even now we believe still there remain
things to be uncovered on this subject.
All manifolds and mappings are assumed to be of class C∞ unless otherwise stated.
For an interval I, we say that an assertion holds for almost every t ∈ I if it holds outside
of some measure zero set of I.
2 Control systems and singular controls.
We need the following generalised notion of control systems ([1]). Let M be a manifold.
A control system on M is given by a locally trivial fibration πU : U → M over M and
a fibered map F : U → TM over the identity of M . In this paper, we assume that the
fibre U of πU : U → M is an open subset of R
r. Note that in this paper we mainly
treat a local case where πU is trivial. However our results do not depend on any choice
of trivialisation of πU .
For a given control system, an L∞ (measurable, essentially bounded) map c : [a, b] →
U on an interval is called an admissible control if the curve γ := πU ◦ c : [a, b] → M
satisfies γ˙(t) = F (c(t)), for almost every t ∈ [a, b]. Then the Lipschitz curve γ is called a
trajectory. In this paper, we use the term “path” for a smooth (C∞) immersive trajectory
regarded up to parametrisation.
The initial (resp. end) point of γ is given by γ(a) = πU(c(a)) (resp. γ(b) = πU(c(b)).
Note that, in our terminology, the term “control” contains the data on both the “control”
in usual sense and (the initial point of) the trajectory. Therefore trajectory is determined
uniquely by the control, while the control is not unique for the trajectory in general.
If we write locally x(t) = γ(t) and γ˜(t) = (x(t), u(t)), under a local triviality U|V ∼=
V ×U over an open set V ⊂M , then the control system is expressed by a family of vector
fields, {fu}u∈U , fu(x) = F (x, u) over V ⊂ M and by the equation x˙(t) = fu(t)(x(t)).
In this local situation or in the case where the fibration πU is globally trivial, for a
given initial point, u(t) is called a control defining the trajectory x(t) as usual. Note
that, for a given initial point x0 and a given L
∞ control u(t), the Cauchy problem
fu(x) = F (x, u), x(0) = q0, has a unique Lipschitz solution (trajectory) x(t) depending
smoothly on q0 by the classical Carathe´odory theorem (see for example [2] 2.4.1).
Now, given a control system and given a point q0 ∈M , we denote by Cad the set of all
admissible controls c : [a, b] → U with the initial point πU(c(a)) = q0. Then it is known
that Cad is a Banach manifold ([2]). The endpoint mapping E : Cad → M is defined by
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E(c) := πU(c(b)). The control c with the initial point πU(c(a)) = q0 is called singular or
abnormal, if it is a singular point of E , namely if the differential E∗ : TcCad → TE(c)M is
not surjective. If c is a singular control, then the trajectory γ = πU ◦c is called a singular
trajectory or an abnormal extremal ([2][3]).
We see that if a control is singular then its restriction to any subinterval is singular. In
fact, as a part of Pontryagin maximal principle, the general characterisation of singular
controls is known. To state the characterisation, consider the fibre product of πU : U →
M and πT ∗M : T
∗M →M :
U ×M T
∗M := {(w, ϕ) ∈ U × T ∗M | πU(w) = πT ∗M(ϕ)},
(extended cotangent bundle), endowed with the natural projections ΠU : U×MT
∗M → U
and ΠT ∗M : U ×M T
∗M → T ∗M . Regarding the local triviality U|V ∼= V ×U over a local
coordinate neighbourhood V ⊂M , U ×M T
∗M is identified with (U|V )×V (T
∗M |V ) and
with T ∗M |V × U .
We define the Hamiltonian function H : U ×M T
∗M → R of the control system
F : U → TM by
H(w, ϕ) := 〈ϕ, F (w)〉, (w, ϕ) ∈ U ×M T
∗M.
Note that the right-hand side is well defined, since πT ∗M(ϕ) = πU(w) = πTM(F (w)). In
particular, in the case where U is just one point, for a vector field ξ over M , we define
Hξ : T
∗M → R by Hξ(x, p) = 〈p, ξ(x)〉.
For each point ϕ ∈ T ∗M , we set Uϕ := Π
−1
T ∗M(ϕ), the fibre of ΠT ∗M : U ×M T
∗M →
T ∗M . Then Uϕ is diffeomorphic to the fibre U of πU : U →M .
We define the relative critical locus Σ(H) ⊂ U ×M T
∗M of H by the set of critical
points for the restrictions H|Uϕ : Uϕ → R, ϕ ∈ T
∗M .
Consider the canonical symplectic form ω on T ∗M and the pull-back Ω := (ΠT ∗M)
∗(ω)
on U ×M T
∗M by the mapping ΠT ∗M . The kernel of the interior product T(w,ϕ)(U ×M
T ∗M)→ T ∗(w,ϕ)(U ×M T
∗M), ξ 7→ iξΩ is equal to T(w,ϕ)Uϕ, for each point (w, ϕ) ∈ U ×M
T ∗M . Then consider the relative exterior differential dH|Σ(H) : Σ(H)→ Π
∗
T ∗M(T
∗(T ∗M)),
where Π∗T ∗M(T
∗(T ∗M)) is the pull-back of the vector bundle T ∗(T ∗M) over T ∗M by
ΠT ∗M . It defines a vector field
−→
H : Σ(H)→ Π∗T ∗M(T (T
∗M)) along Σ(H), by
i−→
H
Ω(w, ϕ) = −dH(w, ϕ), (w, ϕ) ∈ Σ(H),
We call
−→
H the Hamilton vector field, which is just the family of Hamilton vector fields
with parameter u ∈ U restricted to Σ(H), in local situation over M . Let O ⊂ T ∗M
denote the zero-section of πT ∗M : T
∗M →M . Then we have:
Proposition 2.1 ([2]) A control c : [a, b] → U is a singular control if and only if there
exists a lift β : [a, b] → (U ×M T
∗M) \ Π−1T ∗M(O) of c for ΠU : U ×M T
∗M → U
which satisfies that ΠT ∗M ◦ β : [a, b] → T
∗M is Lipschitz and satisfies the constrained
Hamiltonian equation:
(ΠT ∗M ◦ β)
′(t) =
−→
H (β(t)), β(t) ∈ Σ(H)(⊂ U ×M T
∗M),
for almost every t ∈ [a, b].
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The lift in the above Proposition 2.1 is called a singular bi-extremal or an abnormal
bi-extremal for c.
In particular the notion of singular controls is a local notion:
Corollary 2.2 A control c : I → U is a singular control if and only if, for any subin-
terval J ⊂ I, the restriction c : J → U of c is a singular control.
The local description of the characterisation of singular control is given as follows:
Proposition 2.3 Suppose dimM = m, dimU = r. Let
(x; p; u) = (x1, . . . , xm; p1, . . . , pm; u1, . . . , ur)
be local coordinates of U|V ×V T
∗M |V ∼= T
∗M |V × U over coordinate neighbourhood
V ⊂M and H(x; p; u) the local expression of the Hamiltonian of a given control system.
Then a control c : [a, b] → V × U is singular if and only if there exists a lift β : [a, b] →
T ∗M |V × U of c, β(t) = (x(t); p(t); u(t)), which satisfies, for almost every t ∈ [a, b],
x˙i(t) =
∂H
∂pi
(x(t); p(t); u(t)), (1 ≤ i ≤ m)
p˙i(t) = −
∂H
∂xi
(x(t); p(t); u(t)), (1 ≤ i ≤ m)
∂H
∂uj
(x(t); p(t); u(t)) = 0, (1 ≤ j ≤ r), p(t) 6= 0.
Consider two control systems F,G : U → TM on M . Given a local trivialisation
U|V ∼= V × U over an open subset V ⊂M , regard F,G as families of vector fields fu, gu
respectively. Then we define a control system [F,G] : U|V → TV by [F,G](x, u) =
[fu, gu](x), x ∈ V, u ∈ U . We denote by HF the Hamiltonian function H : T
∗V ×U → R
when we make stress on a control system F . In the next section, we will use the following
fundamental formula (cf. [2], Chapter 11, for instance):
Lemma 2.4 We have dHG(
−→
HF ) = H[F,G] : T
∗V × U → R.
In particular we have, in the case where U = pt,
Lemma 2.5 For vector fields ξ, η over M , we have dHξ(
−→
H η) = H[η,ξ] : T
∗M → R.
A vector subbundle D ⊂ TM is called a distribution or a differential system on M .
Then the inclusion mapping F : D → TM with the bundle projection π : D → M
defines a control system in the above sense. In this case, a control (resp. a trajectory,
a path) is called a D-control (resp. a D-trajectory, a D-path). Then a D-control is
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uniquely determined from its D-trajectory. Let ξ1, . . . , ξr be a local frame of D. Then
the Hamiltonian is given by
Hξi(x; p) := 〈p, ξi(x)〉 and H(x; p; u) := u1Hξ1(x; p) + · · ·+ urHξr(x; p).
The local characterisation of singular D-controls is provided by the existence of p(t) 6= 0
satisfying
x˙(t) = u1ξ1(x(t)) + · · ·+ urξr(x(t)),
p˙i(t) = −u1
∂Hξ1
∂xi
(x(t); p(t))− · · · − ur
∂Hξr
∂xi
(x(t); p(t)), (1 ≤ i ≤ m),
Hξi(x(t); p(t)) = 0, (1 ≤ j ≤ m).
Let D ⊂ TM be a distribution and D the sheaf of section-germs to D. The small
(or weak) (resp. the big (or strong)) derived systems D(i), (resp. Di), i = 1, 2, 3, . . . , are
defined by D(1) = D1 = D and, inductively, by
D(i+1) := D(i) + [D,D(i)], (resp. Di+1 := Di + [Di,Di]), i ≥ 1.
Note that D(2) = D2 and D(i) ⊂ Di, i ≥ 3. The distribution D is called bracket
generating if ∪∞i=1D
(i) = TM , the total sheaf of vector fields over M . Suppose each D(i)
(resp. Di) coincides with the sheaf of section-germs to some subbundle of TM , written
as D(i) (resp. Di). In this situation, we call D has small (or weak) (resp. big (or strong))
growth (n1, n2, . . . , ni, . . . ) if rank(D
(i)) = ni (resp. rank(D
i) = ni), i ≥ 1.
A singular control c : I → D of the control system D →֒ TM → M is called regular
if there exists a singular bi-extremal β : I → D ×M T
∗M for c such that ΠT ∗M ◦ β(t) ∈
D(2)⊥ \D(3)⊥ ⊂ T ∗M for any t ∈ I ([11][7][10]). A singular control c : I → D is called
totally irregular if any singular bi-extremal β : I → D ×M T
∗M for c satisfies that
ΠT ∗M ◦ β(t) ∈ D
(3)⊥ ⊂ T ∗M for any t ∈ I. Here, for a subbundle E ⊂ TM , we set
E⊥ = {p ∈ T ∗M | 〈p, v〉 = 0, for any v ∈ EπT∗M (p)}.
A singular trajectory (resp. a singular path) is called regular (resp. totally irregular)
if so is its control. Note again that in the case of distribution, a control c is uniquely
determined from the trajectory πD ◦ c.
3 Liftings of singular trajectories.
Let M,N be manifolds of dimension m = n + k, n respectively, E ⊂ TM a distribution
on M of rank r = ℓ + k, and π : M → N a fibration with K = Ker(π∗) ⊂ E. We only
treat the case where the π-fibre is an open subset of Rk and E is trivial over on each
π-fibre.
Consider two control systems
E : E →֒ TM
πTM−−→ M, over M, and E/π : E
π∗|E
−−→ TN
πTN−−→ N, over N,
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respectively. Note that the composition π ◦ πE : E → N of the bundle projection
πE : E → M and the fibration π : M → N is again a fibration over N , having the fibre
π−1E (W ) for a typical fibre W ⊂M of π.
Moreover we suppose E = L⊕K for a complementary subbundle L ⊂ E to K in E
of rank ℓ and consider the third control system
L : L
π∗|L
−−→ TN
πTN−−→ N, over N.
Then first we have
Lemma 3.1 Let γ : I → N be a singular (E/π)-trajectory. Suppose that there exists a
Lipschitz abnormal bi-extremal β : I → E×N T
∗N corresponding to γ. Then there exists
a singular E-trajectory γ˜ : I →M such that π ◦ γ˜ = γ.
Remark 3.2 In Lemma 3.1, we pose the Lipschitz condition on abnormal bi-extremals,
because we have to regard some of control parameters as state variables.
Proof of Lemma 3.1: It is sufficient to deal with local situation on N : Take a system of
local coordinates x1, . . . , xn, w1, . . . , wk on M such that π(x, w) = x and therefore K =
〈 ∂
∂w1
, . . . , ∂
∂wk
〉. Take a local frame ξ1, . . . , ξℓ of L, ξi(x, w) =
∑n
j=1 cij(x, w)
∂
∂xj
, (1 ≤ i ≤
ℓ), so that ξ1, . . . , ξℓ,
∂
∂w1
, . . . , ∂
∂wk
form a local frame of E. The system of canonical local
coordinates of T ∗M is given by (x, w; p1, . . . , pn, ψ1, . . . , ψk). For instance, K
⊥ ⊂ T ∗M
is defined locally by ψ1 = 0, . . . , ψk = 0. For the control system E, the Hamiltonian H
is given by
H(x, w; p, ψ;λ, µ) =
∑
1≤i≤ℓ
λiHξi(x, w; p, ψ) +
∑
1≤i≤k
µiH∂/∂wi(x, w; p, ψ),
where Hξi(x, w; p, ψ) =
∑
1≤j≤n cij(x, w)pj, H∂/∂wi(x, w; p, ψ) = ψi, and λ = (λ1, . . . , λℓ)
(resp, µ = (µ1, . . . , µk)) are the fibre coordinates of L (resp. K). The constrained
Hamiltonian system is given by
x˙j =
∑
1≤i≤ℓ
λicij , (1 ≤ j ≤ n), w˙j = µj, (1 ≤ j ≤ k),
p˙ν = −
∑
1≤i≤ℓ,1≤j≤n
λi
∂cij
∂xν
pj, (1 ≤ ν ≤ n), ψ˙κ = −
∑
1≤i≤ℓ,1≤j≤n
λi
∂cij
∂wκ
pj, (1 ≤ κ ≤ k),∑
1≤j≤n
cijpj = 0, (1 ≤ i ≤ ℓ), ψi = 0, (1 ≤ i ≤ k).
The control system E/π over N is locally described as follows: The system of local co-
ordinates of N (resp. T ∗N , E) is given by x = (x1, . . . , xn), (resp. (x; p) = (x; p1, . . . , pn),
(x, w;λ, µ) = (x, w;λ1, . . . , λℓ, µ1, . . . , µk)). Then the system of local coordinates of
E ×N T
∗N is given by (x, w; p;λ, µ). Note that dim(E ×N T
∗N) = 2n + 2k + ℓ. In this
case, the mapping F : E → TN is given locally by
F (x, w;λ, µ) =
∑
1≤i≤ℓ
λi πX∗ξi(x, w) +
∑
1≤i≤n
µi πX∗
∂
∂wi
(x, w) =
∑
1≤i≤ℓ
λi πX∗ξi(x, w),
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and the Hamiltonian function of the control system E/π is given by
H(x, w; p;λ, µ) = 〈p,
∑
1≤i≤ℓ
λi πX∗ξi(x, w)〉 =
∑
1≤i≤ℓ
λi〈p, πX∗ξi(x, w)〉 =
∑
1≤i≤ℓ,1≤j≤n
λicijpj.
Here the control parameters are given by w, λ, µ. Note that H is independent of µ. The
constrained Hamiltonian system is given by
x˙j =
∑
1≤i≤ℓ
λicij, (1 ≤ j ≤ n), p˙ν = −
∑
1≤i≤ℓ,1≤j≤n
λi
∂cij
∂xν
pj, (1 ≤ ν ≤ n),
∑
1≤j≤n
cijpj = 0, (1 ≤ i ≤ ℓ),
∑
1≤i≤ℓ,1≤j≤n
λi
∂cij
∂wκ
pj = 0, (1 ≤ κ ≤ k).
Let β(t) = (x(t), w(t); p(t);λ(t), µ(t)) be an abnormal bi-extremal for E/π. Note
that µ(t) can be taken as arbitrary L∞ function. Suppose β(t) is Lipschitz. Then in
particular the control w(t) is Lipschitz. Replace µ(t) by w˙(t), which is of class L∞, and
take ψ(t) = 0. We set β˜(t) = (x(t), w(t); p(t), 0;λ(t), w˙(t)). Then β˜ is an abnormal
bi-extremal for E and γ˜(t) = (x(t), w(t)) is a lift of γ(t) = x(t), π ◦ γ˜ = γ. ✷
Second we remark that the projection πL : E = L ⊕K → L induces the projection
ρ : E ×N T
∗N → L×N T
∗N . Then we have
Lemma 3.3 A curve β : I → E ×N T
∗N is an abnormal bi-extremal (resp. a Lipschitz
abnormal bi-extremal) for E/π if and only if ρ ◦ β : I → L ×N T
∗N is an abnormal
bi-extremal (resp. a Lipschitz abnormal bi-extremal) for L. Moreover any abnormal bi-
extremal (resp. a Lipschitz abnormal bi-extremal) β : I → L ×N T
∗N for L is written
as ρ ◦ β by an abnormal bi-extremal (resp. a Lipschitz abnormal bi-extremal) β : I →
E ×N T
∗N for E/π.
Proof : The system of local coordinates of L ×N T
∗N is given (x, w; p;λ), using the
coordinates in the proof of Lemma 3.1. The constrained Hamiltonian system for L is
of the same form for E/π if the un-efficient component µ is deleted. Therefore β(t) =
(x(t), w(t); p(t);λ(t), µ(t)) is an abnormal bi-extremal (resp. a Lipschitz abnormal bi-
extremal) for E/π if and only if ρ ◦ β(t) = (x(t), w(t); p(t);λ(t)) is an abnormal bi-
extremal (resp. a Lipschitz abnormal bi-extremal) for L. The second assertion is clear.
✷
Let z ∈M . Let ξ be a section-germ at z to L and κ a section-germ at z to K. Then
[ξ, κ](z) modulo Ez depends only on the tangent vectors ξ(z), κ(z) ∈ TzM . For v ∈ Lz,
we define a linear map ad(v) : Kz → TzM/Ez by ad(v)(u) := [ξ, κ](z) modEz, ξ(z) =
v, κ(z) = u. We need the following result for the proof of our main result in the next
section.
Lemma 3.4 Let (z; v) ∈ L, v ∈ Lz. Then the differential map πX∗|L : L → TX is an
immersion at (z; v) if and only if ad(v) : Kz → TzM/Ez is injective.
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Proof : We use the system of coordinates (x, w) of M and (x, w;λ) of L as in Lemma 3.1
and, take a frame of L, ξi(x, w) =
∑
1≤j≤n
cij(x, w)
∂
∂xj
, (1 ≤ i ≤ ℓ). Then π∗ : L → TX is
expressed by
(x, w;λ) 7→ (x1, . . . , xn,
∑
1≤i≤ℓ
λici1, . . . ,
∑
1≤i≤ℓ
λicin).
The Jacobi matrix of the mapping π∗ is given by
En O · · · O O · · · O
∗
∑
i
λi
∂ci1
∂w1
· · ·
∑
i
λi
∂ci1
∂wk
c11 · · · cℓ1
∗
...
. . .
...
...
. . .
...
∗
∑
i
λi
∂cin
∂w1
· · ·
∑
i
λi
∂cin
∂wk
c1n · · · cℓn
 .
Let (z; v) ∈ L and v =
∑
1≤i≤ℓ
λiξi(z). Then the Jacobi matrix at (z; v) ∈ L is of rank
n+ k + ℓ if and only if[ ∑
1≤i≤ℓ
λiξi,
∂
∂w1
]
, . . . ,
[ ∑
1≤i≤ℓ
λiξi,
∂
∂wk
]
, ξ1, . . . , ξℓ
are linear independent at z, which is equivalent to that ad(v) is injective. ✷
4 Duality of singular paths.
Let Y be a 5-dimensional manifold and D ⊂ TY a distribution on Y of rank two. Let
Z be the set of tangential directions on D,
Z := {z | z is an oriented one-dimensional linear subspace of Dy for some y ∈ Y },
with the natural projection πY : Z → Y . Define the prolongation E ⊂ TZ of D,
tautologically from D by Ez := (πY ∗)
−1(z) for any z ∈ Z regarded as a line z ⊂ TπY (z)Y
([5]). Suppose D has small growth (2, 3, 5). Note that D has big growth (2, 3, 5) as well.
We give a detailed proof of the following known result, in order to use in the process of
the proof on our main result.
Proposition 4.1 ([10][11]) Let D ⊂ TY be a distribution with growth (2, 3, 5) on a 5-
dimensional manifold Y . Then, given any point y ∈ Y and any oriented ℓ ⊂ TyY , there
exists an oriented singular D-trajectory through p with the direction ℓ, which is smooth
and is unique up to parametrisation.
Proof : Let D be a distribution with growth (2, 3, 5) on a 5-dimensional manifold Y .
Recall that D is of rank 2, D2 is of rank 3 and D(3) = TY . Let {η1, η2} be a local frame
of D. Then η1, η2 and [η1, η2] = η3 form a local frame of D
2. Therefore, locally, say on
an open set U ⊂ Y , there exists a frame {η1, η2, η3, η4, η5} of TU such that
D = 〈η1, η2〉, [η1, η2] = η3, [η1, η3] = η4, [η2, η3] = η5.
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Then the Hamiltonian function H on D ×Y T
∗Y = T ∗U ×R2 is given by
H(y, q; u) = u1Hη1(y; q) + u2Hη2(y; q),
where Hηi(y; q) = 〈q, ηi(y)〉, i = 1, 2, and the constrained Hamiltonian system is given
by 
y˙(t) = u1(t)η1(y(t)) + u2(t)η2(y(t)),
q˙i(t) = −u1(t)
∂Hη1
∂yi
(y(t); q(t))− u2(t)
∂Hη2
∂yi
(y(t); q(t)), (1 ≤ i ≤ 5),
Hη1(y(t); q(t)) = 0, Hη2(y(t); q(t)) = 0, q(t) 6= 0.
Differentiating both sides of Hη1(y(t); q(t))(= 〈q(t), η1(x(t))〉) = 0 by t, we have, using
Lemma 2.4,
0 = (dHη1(
−→
H ))(y(t); q(t); u(t)) = dHη1(u1
−→
H η1 + u2
−→
H η2)(y(t); q(t); u(t))
= u2(t)H[η2,η1](y(t); q(t)).
Similarly we have, from Hη2(y(t); q(t)) = 0, that u1(t)H[η1,η2](y(t); q(t)) = 0. Therefore if
(u1(t), u2(t)) 6= (0, 0), then Hη3(y(t); q(t)) = 0. Thus we have that a Lipschitz curve y(t)
is a locally non-constant singular D-trajectory if and only if there exist u(t) and q(t) ∈
(D2)⊥ \ 0 satisfying the above constrained Hamiltonian system with Hη3(y(t); q(t)) = 0
in addition. Moreover from Hη3(y(t); q(t)) = 0, we have
u1(t)Hη4(y(t); q(t)) + u2(t)Hη5(y(t); q(t)) = 0.
Consider the vector field
Abη1,η2 := Hη5
−→
H η1 −Hη4
−→
H η2
over T ∗Y (see [13]). Then Abη1,η2 is tangent to (D
2)⊥. In fact
Abη1,η2(Hη1) = 0, Abη1,η2(Hη2) = 0 and Abη1,η2(Hη3) = 0,
on (D2)⊥ ⊂ T ∗Y . Therefore any singular (oriented) path is obtained as the projection
of an integral curve of Abη1,η2 or −Abη1,η2 in (D
2)⊥. ✷
Let [u1, u2] be a projective coordinate of the fibre of πY : Z = PD→ Y and z = u2/u1
an affine coordinate of the fibre. Locally identify Z with R × Y . Set ζ = ∂/∂z. Then
the prolongation E is generated by ζ and η1 + zη2.
Lemma 4.2 The prolongation of a distribution with growth (2, 3, 5) has small growth
(2, 3, 4, 5, 6) and big growth (2, 3, 4, 6).
Proof : Since [ζ, η1+zη2] = [ζ, η1]+[ζ, zη2] = η2, we have E
2 = 〈ζ, η1+zη2, η2〉 = 〈ζ, η1, η2〉,
which is of rank 3. Since [η1 + zη2, η2] = η3, we have E
(3) = E3 = 〈ζ, η1, η2, η3〉, which is
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of rank 4. Since [η1+ zη2, η3] = η4+ zη5, we have E
(4) = 〈ζ, η1, η2, η3, η4+ zη5〉, that is of
rank 5, while E4 = TZ, that is of rank 6. Since [ζ, η4+ zη5] = η5, we have E
(5) = TZ. ✷
Note that, by Proposition 4.1, any immersed D-trajectory lifts to a E-trajectory,
and Z is foliated by lifted paths of singular D-paths. Thus we have a subbundle K ⊂ E
by this foliation. We set L = Ker(πY ∗). Then E = L ⊕ K. As we see below, this
decomposition is intrinsically determined from (Z,E).
The notions of regular singular paths and totally irregular paths are defined at the
end of §2. Then we have:
Proposition 4.3 Let D be a distribution with growth (2, 3, 5) on a five dimensional man-
ifold Y , and (Z,E) the prolongation of D. Then any singular E-path (un-parametrised
immersed E-trajectory) is either a fibre of πY : Z → Y or the lift of a singular D-path.
Any πY -fibre is a regular singular path of E. The lift of any singular D-path is a totally
irregular singular path of E.
Proof : Consider the Hamiltonian of E:
H(y, z; q, ϕ;λ, µ) = λϕ+ µHη1+zη2(y, z; q, ϕ),
where (y, z; q, ϕ) is the canonical coordinate system of T ∗Z for a coordinate system (y, z)
of Z and λ, µ are control parameters. Then the constrained Hamiltonian equation for
an abnormal bi-extremal
β(t) = (y(t), z(t); q(t), ϕ(t);λ(t), µ(t))
is given by 
z˙(t) = λ(t)
y˙(t) = µ(t)(η1 + zη2)(y(t), z(t))
ϕ˙(t) = −µ(t)Hη2(y(t); q(t))
q˙(t) = −µ(t)
∂(Hη1+zη2)
∂y
(y(t), z(t); q(t), ϕ(t))
with ϕ(t) = 0, Hη1+zη2(y(t), z(t); q(t), ϕ(t)) = 0, (q(t), ϕ(t)) 6= 0.
We are supposing (y(t), z(t)) is C∞ and (y˙(t), z˙(t)) 6= 0 for all t ∈ I. Therefore
(λ(t), µ(t)) is C∞ and (λ(t), µ(t)) 6= 0. Suppose there is a non-empty sub-interval J ⊂ I
where µ(t) 6= 0. Then, on J , we have
Hη1(y(t); q(t)) = 0, Hη2(y(t); q(t)) = 0.
Then we have
0 = λ(t)H[ζ,η2](y(t); q(t)) + µ(t)H[η1+zη2,η2](y(t); q(t)) = µ(t)Hη3(y(t); q(t)).
Since µ(t) 6= 0, we have Hη3(y(t); q(t)) = 0. Thus q(t) ∈ D
2 and (q(t), 0) ∈ E(3)⊥.
Moreover we have
Hη4(y(t); q(t)) + z(t)Hη5(y(t); q(t)) = 0.
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Therefore, on J , the immersive singular E-trajectory is the lift of an immersive singular
D-trajectory and (q(t), 0) ∈ E(4)⊥. Take J maximal. Then J = I. In fact, otherwise,
take an boundary point t0 of J which is an interior point of I. Then λ(t0) 6= 0 and
µ(t0) = 0, so (y˙(t0), z˙(t0)) = (0, λ(t0)) must be tangent to the lift of an immersive
singular D-trajectory, which is a contradiction. Thus, in this case, we have that the
trajectory (y(t), z(t)) coincides with the lift of an immersive singular D-trajectory on I,
which is totally irregular.
If µ(t) = 0 on I, then, y(t) is constant on I. Setting y(t) = y0, we have that the
trajectory (y0, z(t)) gives a πY -fibre. In this case, for any q0 6= 0 with Hη1(y0; q0) =
0, Hη2(y0; q0) = 0, Hη3(y0; q0) 6= 0, we have a singular bi-extremal (y0, z(t); q0, 0; z˙(t), 0)
and (q0, 0) ∈ E
2⊥ \ E(3)⊥. Therefore any πY -fibre is regular singular. ✷
Remark 4.4 The lift of a singular D-path is irregular singular of “parabolic type” in
the sense of [13].
Thus we have locally a fibration πX : Z → X to another 5-dimensional manifold X
and thus the double fibration
Y
πY←−−− Z
πX−−−→ X.
In fact the construction is local in Y : If Y is a germ at a point y0 ∈ Y , then we can
take Z as a germ along the simple closed curve π−1Y (y0)
∼= S1 and X as a germ along
the simple closed curve πX(π
−1
Y (y0))
∼= S1. The prolongation E ⊂ TZ is expressed as
Ker(πY ∗)⊕ Ker(πX∗). Therefore, for each z ∈ Z, Ez projects to a line ℓz := πX∗(Ez) ⊂
TπX(z)X by πX∗ : TzZ → TπX(z)X . Thus, for any x ∈ X , we have a family of lines
{ℓz | z ∈ π
−1
X (x)} ⊂ TxX . We define a cone
Cx :=
⋃
z∈π−1
X
(x)
ℓz ⊂ TxX,
and the cone field C ⊂ TX . This cone field is regarded as a control system as follows:
Let L = Ker(πY ∗) ⊂ E. Note that ℓz = πX∗(Lz). We set F := πX∗|L : L → TX ,
the composition of the inclusion to TZ and the differential πX∗ : TZ → TX of the
projection πX . The projection is defined by πL = πTX ◦ F : L → X . We denote this
control system by C. Note that, in other word, C corresponds to the control system L,
using the notation in §3 applied to the projection M = Z → N = X .
In what follows, we take Y an sufficiently small open neighbourhood of a point such
that the composition πX ◦ πE of the bundle projection πE : E → Z and πX : Z → X
is a fibration with a fibre which diffeomorphic to R3 (the product of R2 and an open
interval).
Lemma 4.5 The differential map πX∗|L\0 : L \ 0 → TX restricted to L off the zero
section is an immersion.
Proof : We have two systems of local coordinates y1, . . . , y5, z and x1, . . . , x5, w of Z
such that πY (y, z) = y and that πX(x, w) = x. The line bundle L is generated by
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ζ = ∂
∂z
and the line bundle K is generated by ̟ = ∂
∂w
. By Lemma 4.2, we have that
[ζ,̟] 6= 0 mod.E. Therefore we have that ad(ζ) : K → TZ/K is injective. Therefore
we have the result from Lemma 3.4. ✷
Remark 4.6 The linear hull H(C) ⊂ TX of the cone structure C ⊂ TX defines a
contact structure D′ on X ([4]). In fact the contact structure is defined by D′x =
πX∗(E
(4)
z )(⊂ TxX), for any z ∈ Z with πX(z) = x (cf. Lemma 4.2). Moreover the
tangent planes to the cones Cγ(t), which is a Lagrangian plane in D
′
γ(t) along a singular
trajectory γ(t) of C is regarded as a curve in a Lagrange Grassmannian, which coincides
with the (reduced) Jacobi curve introduced by Agrachev-Zelenko (cf.[14]).
Lemma 4.7 Let γ : [a, b] → X be an immersive singular trajectory for the control
system C. Then there exists an immersive singular control c : [a, b]→ L and a Lipschitz
abnormal bi-extremal β : [a, b] → L×X T
∗X for C corresponding to γ.
Proof : We keep to take the systems of coordinates used in Lemma 3.1, Lemma 3.3 and
Lemma 4.5. The Hamiltonian H : L×X T
∗X → R is given, in this case, by
H(x, w; p;λ) = λ〈p, πX∗(ζ(x, w))〉,
where (x, w, λ) (resp. (x, w), λ) is the system of coordinates of L = Ker(πY ∗), (resp. of
Z, of πY -fibres) and ζ =
∂
∂z
as in Lemma 4.5. The control parameters are given by w
and λ. See the proofs of Lemma 3.1 and Lemma 3.3. Then the constrained Hamiltonian
system is given by
x˙(t) = λ(t)πX∗(ζ(x(t), w(t))), p˙i(t) = −λ(t)〈p(t),
∂
∂xi
πX∗(ζ(x(t), w(t)))〉, (1 ≤ i ≤ 5),
〈p(t), πX∗(ζ(x(t), w(t)))〉 = 0, 〈p(t),
∂
∂w
πX∗(ζ(x(t), w(t)))〉 = 0.
Note that πX∗ ◦ ζ : Z → TX is a smooth vector field along the projection πX : Z → X .
Take w0 ∈ R such that (x(a), w0) belongs to the coordinate neighbourhood in Z we are
considering and x˙(a) ∈ (πX∗)(L(x(a),w0)). Since γ(t) = x(t) is immersive, by Lemma 4.5,
we have a unique smooth control c : [a, b]→ L = Ker(πY ∗) ⊂ E, c(t) = (x(t), w(t);λ(t))
such that πL◦c = γ, w(a) = w0. In fact, the coordinate w(t) along πX -fibre is determined
by the velocity direction and the coordinate λ(t) along πY -fibre is determined by the
velocity of γ. Then β(t) = (x(t), w(t); p(t);λ(t)) is a Lipschitz abnormal bi-extremal. ✷
Thus we have reached to the stage to show the following:
Theorem 4.8 A singular C-path is the πX-image of a πY -fibre.
Proof : Let γ : I → X be a singular C-trajectory Then, by Lemma 4.7, γ lifts to a
Lipschitz abnormal bi-extremal β : I → L ×X T
∗X for C. Then, by Lemma 3.1, γ lifts
to a singular E-trajectory γ˜ for the projection πX : Z → X , πX ◦ γ˜ = γ. Since γ is
immersive, γ˜ is also immersive. By Proposition 4.3, γ˜ is either a πY -fibre or the lift of
a singular D-trajectory. In this case, γ˜ must be a πY -fibre, and we have that γ is the
πX -image of a πY -fibre up to parametrisation. ✷
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Remark 4.9 For any point x of X and for any direction of Cx, there exists uniquely a
singular C-path through x with the given direction. The space of singular C-paths on
X is identified with Y .
Remark 4.10 A singular C-trajectory is not necessarily the image of a πY -fibre by πX .
For example a piecewise smooth C-trajectory which consists of several images of πY -fibres
by πX is also a singular C-trajectory. This remark applies to singular D-trajectories of
course.
Remark 4.11 The distribution D ⊂ TY is also regarded as a cone structure defined
by the control system K : K = Ker(πX∗) ⊂ TZ → TY → Y . Then, naturally, singular
paths for K coincide with singular D-paths by Lemmas 3.1 and 3.3.
Remark 4.12 A singular bi-extremal for a control system is called totally singular if the
Hessian matrix of the Hamiltonian with respect to the control parameter is zero along
the bi-extremal and a trajectory is called totally singular if it possesses a totally singular
bi-extremal ([2]). Then all singular trajectories on X for C and on Y for D are totally
singular, and therefore the duality of singular paths on Y and X holds on the level of
totally singular paths as well.
5 Example: G2-case.
From the view point of twistor theory, the double fibration Y ← Z → X with G2-
symmetry the G2-Engel distribution E ⊂ TZ, the Cartan distribution D ⊂ TY and the
cone structure C ⊂ TX have been explicitly constructed in [8]. In this section, we give
the explicit representations of the associated control systems E : E →֒ TZ → Z, D :
D →֒ TY → Y and C : E → TX → X , directly calculate the constrained Hamiltonian
systems for the singular controls and determine the singular paths.
Example 5.1 (The control system E on Z.) On a space Z of dimension 6 with coordi-
nates λ, x, y, z, u, v, consider the explicit double fibrations
(λ, x+ λy, y + λz, v + λx, u+ λ(y2 − xz))
πY←− (λ, x, y, z, u, v)
πX−→ (x, y, z, u, v).
Then the G2-Engel distribution E = Ker(πY ∗)⊕Ker(πX∗) is generated by
ξ1 =
∂
∂λ
, ξ2 =
∂
∂z
− λ
∂
∂y
+ λ2
∂
∂x
− λ3
∂
∂v
+ (λ3z + 2λ2y + λx)
∂
∂u
.
For the coordinates (λ, x, y, z, u, v; κ, p, q, r, ℓ,m) of T ∗Z, we have the Hamiltonian func-
tions of ξ1, ξ2
Hξ1 = κ, Hξ2 = r − λq + λ
2p− λ3m+ (λ3z + 2λ2y + λx)ℓ,
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and the total Hamiltonian function H = aHξ1 + bHξ2 , where (a, b) is the fibre coordinate
of E. The constrained Hamiltonian system for singular controls is given by
λ˙ = a, x˙ = bλ2, y˙ = −bλ, z˙ = b, u˙ = b(λ3z + 2λ2y + λx), v˙ = −bλ3,
κ˙ = −b{−q + 2λp− 3λ2m+ (3λ2z + 4λy + x)ℓ},
p˙ = −bλℓ, q˙ = −b · 2λ2ℓ, r˙ = −bλ3ℓ, ℓ˙ = 0, m˙ = 0,
and Hξ1 = 0, Hξ2 = 0. We set ℓ = ℓ0, m = m0. By differentiating both sides of Hξ2 = 0,
we have
a{−q + 2λp− 3λ2m0 + (3λ
2z + 4λy + x)ℓ0} = 0.
We consider two cases: the case where a(t) 6= 0 on a non-empty sub-interval and the
case where a(t) is identically zero.
In the first case, we have −q+2λp−3λ2m0+(3λ
2z+4λy+x)ℓ0 = 0 on the sub-interval.
By differentiating both sides of the equation, we have
(2p− 6λm0) + (6λz + 4y)ℓ0 = 0.
By differentiating both sides again, we have zℓ0−m0 = 0. Assume ℓ0 = 0, then we have
p = q = r = 0, which leads a contradiction with the condition on abnormal bi-extremals.
Therefore ℓ0 6= 0. We have that z˙ = 0 therefore b = 0, and that x, y, z, u, v are constant
on the sub-interval. Moreover, if the singular trajectory is immersive, we have that
x, y, z, u, v are constant on the whole interval, similarly to the proof of Proposition 4.3.
Thus, in this case the singular control gives a πX -fibre.
If a is identically zero, then λ is constant and
(x+ λy)′ = 0, (y + λz)′ = 0, (v + λx)′ = 0, (u+ λ(y2 − xz))′ = 0.
Therefore, in the second case, the singular control gives a πY -fibre.
Example 5.2 (The control system D on Y .) For the Cartan distribution D on Y , let us
consider the space with coordinates λ, µ, ν, τ, σ and the distribution D ⊂ TY generated
by
η1 =
∂
∂λ
+ ν
∂
∂µ
− (λν − µ)
∂
∂τ
+ ν2
∂
∂σ
, η2 =
∂
∂ν
− λ
∂
∂µ
+ λ2
∂
∂τ
− (λν + µ)
∂
∂σ
.
For the coordinates (λ, µ, ν, τ, σ; p, q, r, ℓ,m) of T ∗Z, we set
Hη1 = p+ νq − (λν − µ)ℓ+ ν
2m, Hη2 = r − λq + λ
2ℓ− (λν + µ)m,
and H = u1Hη1 + u2Hη2 , where (u1, u2) is the fibre coordinate of D. Then we have the
constrained Hamiltonian equation:
λ˙ = u1, µ˙ = u1ν − u2λ, ν˙ = u2, τ˙ = −u1(λν − µ) + u2λ
2, σ˙ = u1ν
2 − u2(λν + µ),
p˙ = u1νℓ− u2(2λℓ− νm), q˙ = −u1ℓ+ u2m, r˙ = −u1(q − λℓ+ 2νm) + u2λm,
ℓ˙ = 0, m˙ = 0, p+ νq − (λν − µ)ℓ+ ν2m = 0, r − λq + λ2ℓ− (λν + µ)m = 0.
Then by direct calculations we can conclude that singular D-paths are πY -projections of
πX -fibres. Because this claim is known, we omit the details.
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Example 5.3 (The control system C on X .) Let λ, x, y, z, u, v be local coordinates of
Z. From the explicit form of the projection πY , we see that the line bundle L = Ker(πY ∗)
is generated by
∂
∂z
+ λ(−
∂
∂y
+ x
∂
∂u
) + λ2(
∂
∂x
+ 2y
∂
∂u
) + λ3(−
∂
∂v
+ z
∂
∂u
).
Then we can regard the cone structure C ⊂ TX as the control system C : L→ TX → X
on X given by
γ˙ = µ
{
∂
∂z
+ λ(−
∂
∂y
+ x
∂
∂u
) + λ2(
∂
∂x
+ 2y
∂
∂u
) + λ3(−
∂
∂v
+ z
∂
∂u
)
}
,
where γ(t) = (x(t), y(t), z(t), u(t), v(t)) and λ, µ are regarded as control parameters. The
Hamiltonian function is given by
H = µ{r + λ(−q + xℓ) + λ2(p+ 2yℓ) + λ3(−m+ zℓ)},
where (x, y, z, u, v; p, q, r, ℓ,m) is a coordinate system of T ∗X . Then the constrained
Hamiltonian system is given by
x˙ = µλ2, y˙ = −µλ, z˙ = µ, u˙ = µ(λx+ 2λ2y + λ3z), v˙ = −µλ3,
p˙ = −µλℓ, q˙ = −2µλ2ℓ, r˙ = −µλ3ℓ, ℓ˙ = 0, m˙ = 0,
r + λ(−q + xℓ) + λ2(p+ 2yℓ) + λ3(−m+ zℓ) = 0,
µ(−q + xℓ+ 2λ(p+ 2yℓ) + 3λ2(−m+ zℓ) = 0.
Set ℓ = ℓ0, m = m0. Since our trajectory is immersive, we have µ 6= 0. Therefore we
have
−q + xℓ0 + 2λ(p+ 2yℓ0) + 3λ
2(−m0 + zℓ0) = 0
By differentiating both sides, we have
λ˙{2(p+ 2yℓ0) + 6λ(−m0 + zℓ0)} = 0.
We assume λ˙ 6= 0. Then
2(p+ 2yℓ0) + 6λ(−m0 + zℓ0) = 0.
By differentiating both sides, we have λ˙(−m0 + zℓ0) = 0, so −m0 + zℓ0 = 0. By
differentiating both sides, we have µℓ0 = 0, so ℓ = ℓ0 = 0. Then we have m = m0 =
0, and then p = q = r = 0. This contradicts with the condition on abnormal bi-
extremals. Therefore we have λ˙ = 0, and λ is constant. Set λ = λ0. Then we have, up
to parametrisation and orientation,
x(t) = λ20t+ x0, y(t) = −λ0t + y0, z(t) = t+ z0, v(t) = −λ
3
0t + v0,
and
u(t) = (λ0x0 + 2λ
2
0y0 + λ
3
0z0)t+ u0,
where x0 (resp. y0, z0, v0, u0) is the initial value of x(t) (resp. y(t), z(t), v(t), u(t)). Thus
we have shown that any singular C-path is the πX -projection of a πY -fibre in G2-case
directly.
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Remark 5.4 In G2-case [8], the πX -image of a πY -fibre, namely a singular C-path in
X , is called a Monge line, while the πY -image of a πX -fibre, namely a singular D-path
in Y , is called a Cartan line.
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